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We established in the last lesson that
pi2
8
=
∫ 1
0
ln y
y2 − 1dy
2/12 Pi?
22333ML232
We established in the last lesson that
pi2
8
=
∫ 1
0
ln y
y2 − 1dy
Besides expanding in geometric series
1
1− y2 =
∞∑
n=0
y2n
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We invoke Beppo Levi’s Theorem obtaining∫ 1
0
ln y
y2 − 1dy =
∫ 1
0
− ln y
1− y2dy =
+∞∑
n=0
∫ 1
0
(−y2n ln y) dy
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∫ 1
0
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0
(−y2n ln y) dy =
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− y
2n+1
2n+ 1
ln y
]1
0
+
∫ 1
0
y2n
2n+ 1
dy
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We invoke Beppo Levi’s Theorem obtaining∫ 1
0
ln y
y2 − 1dy =
∫ 1
0
− ln y
1− y2dy =
+∞∑
n=0
∫ 1
0
(−y2n ln y) dy
Integrating by parts∫ 1
0
(−y2n ln y) dy =
[
− y
2n+1
2n+ 1
ln y
]1
0
+
∫ 1
0
y2n
2n+ 1
dy =
1
(2n+ 1)2
so that
pi2
8
=
+∞∑
n=0
1
(2n+ 1)2
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To get Euler’s statement define E =
+∞∑
n=1
1
n2
and split the series in
considering even and odd indexes:
∞∑
n=1
1
(2n)2
+
∞∑
n=0
1
(2n+ 1)2
= E
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To get Euler’s statement define E =
+∞∑
n=1
1
n2
and split the series in
considering even and odd indexes:
∞∑
n=1
1
(2n)2
+
∞∑
n=0
1
(2n+ 1)2
= E
Observe that
∞∑
n=1
1
(2n)2
=
∞∑
n=1
1
4n2
=
E
4
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To get Euler’s statement define E =
+∞∑
n=1
1
n2
and split the series in
considering even and odd indexes:
∞∑
n=1
1
(2n)2
+
∞∑
n=0
1
(2n+ 1)2
= E
Observe that
∞∑
n=1
1
(2n)2
=
∞∑
n=1
1
4n2
=
E
4
thus
∞∑
n=0
1
(2n+ 1)2
=
3
4
E hence
3
4
+∞∑
n=1
1
n2
=
pi2
8
=⇒
+∞∑
n=1
1
n2
=
pi2
6
Euler 1735: Basel Problem
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Change of variable
Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective
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Change of variable
Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective
(b) ϕ has continuous partial derivatives
(c) det Iϕ(x) 6= 0 for any x ∈ A where the Jacobi matrix is
Iϕ(x) = ∂(ϕ1 · · ·ϕn)
∂x1 · · · ∂xn =

. . . ∇ϕ1(x) . . .
. . . ∇ϕ2(x) . . .
. . . . . . . . .
. . . ∇ϕm(x) . . .

6/12 Pi?
22333ML232
Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping.
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Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping. The Jacobi determinant is
|det Iϕ(ρ, ϑ)| =
∣∣∣∣∣∣det
cosϑ −ρ sinϑ
sinϑ ρ cosϑ
∣∣∣∣∣∣ = ρ > 0
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Rotation in the plane
Fix α ∈ (0, 2pi) ϕ : A→ R2
ϕ(x, y) := (x cosα− y sinα, x sinα + y cosα)
is a regular mapping.
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Rotation in the plane
Fix α ∈ (0, 2pi) ϕ : A→ R2
ϕ(x, y) := (x cosα− y sinα, x sinα + y cosα)
is a regular mapping. The Jacobi determinant is 1
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Theorem
Let ϕ : A → Rm a regular mapping with A measurable. Let f :
A → R a measurable function. f ∈ L(A) if and only if x 7→
f(ϕ(x)) |det Iϕ(x)| is summable on ϕ−1(A). In such situation we have:∫
A
f(u)du =
∫
ϕ−1(A)
f(ϕ(x)) |det Iϕ(x)| dx
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Gauss Integral
We use Fubini’ Theorem and polar coordinate to show that
G :=
∫ +∞
−∞
e−x
2
dx =
√
pi
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Gauss Integral
We use Fubini’ Theorem and polar coordinate to show that
G :=
∫ +∞
−∞
e−x
2
dx =
√
pi
First step ∫∫
R2
e−(x
2+y2)dxdy =
∫
R
e−x
2
dx
∫
R
e−y
2
dy = G2
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Second step
We evaluate G2 using polar coordinate∫∫
R2
e−(x
2+y2)dxdy =
∫∫
(0,+∞)×[0,2pi)
ρ e−ρ
2
dρdϑ = 2pi
∫ ∞
0
ρ e−ρ
2
dρ
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Second step
We evaluate G2 using polar coordinate∫∫
R2
e−(x
2+y2)dxdy =
∫∫
(0,+∞)×[0,2pi)
ρ e−ρ
2
dρdϑ = 2pi
∫ ∞
0
ρ e−ρ
2
dρ
thus ∫∫
R2
e−(x
2+y2)dxdy = 2pi
[
−e
−ρ2
2
]ρ=∞
ρ=0
= pi
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Find `2(A) if A := {(x, y) ∈ R2 | x2 − xy + y2 ≤ 1}
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Find `2(A) if A := {(x, y) ∈ R2 | x2 − xy + y2 ≤ 1}
Use a
pi
4
rotation

x =
1√
2
u− 1√
2
v
y =
1√
2
u+
1√
2
v
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Find `2(A) if A := {(x, y) ∈ R2 | x2 − xy + y2 ≤ 1}
Use a
pi
4
rotation

x =
1√
2
u− 1√
2
v
y =
1√
2
u+
1√
2
v
x2 − xy + y2 ≤ 1 is trasformed into
1
2
(u− v)2 − 1
2
(u+ v)(u− v) + 1
2
(u+ v)2 ≤ 1
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Find `2(A) if A := {(x, y) ∈ R2 | x2 − xy + y2 ≤ 1}
Use a
pi
4
rotation

x =
1√
2
u− 1√
2
v
y =
1√
2
u+
1√
2
v
x2 − xy + y2 ≤ 1 is trasformed into
1
2
(u− v)2 − 1
2
(u+ v)(u− v) + 1
2
(u+ v)2 ≤ 1
u2
2
+
3v2
2
≤ 1
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last change of variable, similar to polar coordinates
u =
√
2 ρ cosϑ
v =
√
2
3
ρ sinϑ
which transforms
u2
2
+
3v2
2
≤ 1 into ρ2 ≤ 1 and which Jacobi deter-
minant is
2√
3
ρ so that
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last change of variable, similar to polar coordinates
u =
√
2 ρ cosϑ
v =
√
2
3
ρ sinϑ
which transforms
u2
2
+
3v2
2
≤ 1 into ρ2 ≤ 1 and which Jacobi deter-
minant is
2√
3
ρ so that
`2(A) =
∫ 2pi
0
∫ 1
0
2√
3
ρ dρdϑ =
2pi√
3
